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Abstract. Von Dyck groups have a natural geometric interpretation which 
explains certain properties of free Burnside groups with two generators. We 
propose an algorithmic method to enumerate the Fuchsian von Dyck groups 
D(n,n,n) which can be used to determine the finiteness of some Burnside 
groups. 
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Introduction 

We study the relationship between two historic groups. One, denoted by 
D(a, b, c), was introduced by Walther von Dyck at the turn of eighteen century 
(see, e.g., [15]). Another, denoted by B(m,n), appeared few years later (1902) 
as William Burnisdc formulated his celebrated problem [5J . From a mere group- 
theoretic standpoint, there is a rather evidenlQ though unexplored projection 
of D(n,n,n) over B(2,n). The geometric implications of this projection is the 
main concern of the present paper. 

Depending on the value of n, the group D(n, n, n) can be generated by 
orientation-preserving transformations of a tiling T n of a constant curvature 
surface (denoted, from now on, by the symbol S) by regular triangles. As op- 
posed to von Dyck groups, the definition of a free Burnside group is rather 
abstract: B(m, n) is the free object over a rank-m set, in the variety of groups 
determined by the equation x n = 1. However, it is precisely the epimorphism 
between D(n, n, n) and B(2, n) which makes it possible to associate to the latter 
some of the geometric features of the former. 

Intuitively, if D(n, n, n) acts on the tiling T n of S, then all its factors, includ- 
ing B(2,n), must act on some sort of "quotient tiling" of T n , with respect to 
the kernel, henceforth denoted by K n , of the projection D(n,n,n) — > B(2,n). 
Though formally correct, this perspective requires working with an orbifold of 
S, thus introducing unnecessary difficulties. In Section [3] we point out that 7~ n 
is but a "visualization" of a more abstract geometric object, whose theory was 



still young at the epoch of von Dyck, namely a colored graph (Lemma 3.1 1. This 
viewpoint allows one to regard D(n, n, n) as a group of colored graph automor- 
phisms and to free oneself from the necessity to "realize" it over S. 

Once the definition of D(n, n, n) has been detached from the notion of a tiling, 
it is easier to represent all its factors as group of automorphisms of a suitable 
quotient graph. This eliminates all problems coming from singularities which 
may be developed when S is factored by a discrete group of isometries. 

Interestingly enough, such an interpretation of D(n, n, n) as a group of col- 
ored graph automorphisms fits into a larger picture where any group D, equipped 
with a minimal additional structure, can be made act on a colored graph T{D). 
The construction is discussed in Section [5J where we introduce (Definition 2.1| 



the key notion of a Borel-free set of generators of D, whose presence is in- 
dispensable to obtain the corresponding colored graph T(D) (Proposition |2.1[ ). 
This idea is rather old, and can be traced back to a 1962 paper by Tits |23| on 
the so-called coset geometries (see, e.g., [US] and references therein). We prefer 
to regard a Tits geometry of rank to as a colored graph with to colors, since, to 



^The authors found this in |24l |8], but possibly it can be found somewhere else. 
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our opinion, it is more evident that a tiling determines a graph rather than a 
Tits geometry. 

Moreover, the notion of a chamber, known in the context of Tits geometry 
(see [IH1 [H] and references therein), has a natural counterpart in the theory of 
colored graphs, namely that of a clique. Details are discussed in the first Section 
[T] By the definition of a Borel-free set of generators, the group D acts freely 
and transitively on the set of cliques €(T(D)) of T(D), thus allowing to identify 
D with such a set (Lemma |1.2[ ). Moreover, any factor of D can be identified 
with a quotient set of €(T(D)) (Corollary [2.1.1 1 ). 

In Section[4]we show that, in the case of D = D(n,n,n), the graph T(Z?) is 
precisely the one obtained from the 2n-gonal tiling V n of S determined by the 
triangular tiling T n in the classical definition of a von Dyck group (Corollary 



4.1.2 1. This leads to suspect that the very definition of a von Dyck group can be 



generalized in such a context, providing a natural "covering group" for B(m,n) 
for m > 2. We discuss such a possibility in the final Subsection |7.1| To the 
authors knowledge, the fact that T(D) is the planar graph determined by V n , 
has never been observed before, though a very similar result can be found in 
|24j . presented a proprietary language. 

Section [4] contains the main result of the paper, dubbed "cliques enumeration 
algorithm" (Corollary 4.2.1 ), which allows to recursively enumerate the cliques of 
the graph T{D) and, hence, the elements of D(n, n, n). In one form or another, 
any existing algorithm to check the finiteness of Burnside groups must implement 
a mechanism to enumerate words, and, due to the presence of relations, the 
lexicographic way is not necessarily the cheapest one (see [13] and references 
therein). The geometric understanding of D{n, n, n) in terms of colored graphs 
allows to "avoid" relations and to produce exactly once each element of the 
group. To the authors opinion, this may eventually lead to effective techniques 
to attack the Burnside problem, and final Section [7] sketches the basic idea of a 
finiteness algorithm (Corollary 7.1.11. 

The identification of B(2, n) with a quotient set of <L(T(D)) allows to exploit 
the cliques enumeration algorithm to check the finiteness of B(2,n), since the 
elements of K n can be enumerated as well (Corollary 6.0.2[ ) . Details are discussed 
in Section[6j where a geometric evidence of B(2, 3) is provided (Subsection 6.1 ). 
We stress that the proposed enumeration of K n is not injective, but this may be 
improved in future research. 

Even if the computational cost of the proposed approach is still to be de- 
termined, especially in comparison with the existing techniques, it has the 
"aestethic" merit of unifying the problems of finiteness of B(2, n) for all val- 
ues of n, in sharp contrast with the methods applied so far to concrete cases. 
Two classical proofs are reviewed in Subsections |5.1| and |5.2| of Section [5j which 
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collects some necessary facts about free Burnside groups and the Burnside prob- 
lem. 

Notation and conventions. All groups are assumed to be acting from the left. 
If the group D acts on the set S, then ^ denotes the orbit space, and S is called 
a Z?-set. When needed, we write d ■ s for the result of the action of d e D on 
s e S. Symbol ^ denotes the quotient group with respect to a normal subgroup 
K < D, or the space of left-cosets, when K < D is an arbitrary subgroup. 

A subset Q C S such that each D-orbit intersects S exactly once is called a 
fundamental set of K (in S); if S is a surface, and D acts by isometries, we call 
a fundamental domain of K the closure of any fundamental set. 

By a tiling T of a constant-curvature surface S we shall mean a family of 
regular closed and convex (geodesic) polygons in S such that the elements of T 
are pairwise isometrically equivalent and non-overlapping, and cover the whole 
§ (see [1H [5] ) . Two polygons P, Q € T are non-overlapping if the intersection 
P H Q is either empty, or coincides with a vertex, or a whole edge. Any subset 
To C 7" will be referred to as a sub-tiling of T. Notice that 7o fails, in general, 
to be a tiling of S; it is a tiling of the closed subset Tq := Up e j- P C §. Observe 
that a sub-tiling is made of the same tiles of the parent tiling: not smaller, 
but less in quantity. All tilings considered in this paper will be made of even- 
sided polygons, except for an auxiliary tiling made of regular triangles (which is 
"inscribed" into all the polygonal ones). By the boundary of a sub-tiling To we 
mean the boundary of the closed subset 7^ u , not to be mistaken with the graph 
of a tiling defined below. 

Concerning graph terminology, we follow that of modern textbooks (see, e.g., 
[5J HO]): a graph is denoted by the symbol T = (Vp, Ep). We tacitly discard all 
the loops from the pseudo-graph associated to a symmetric and reflective binary 
relation, in such a way that it can be regarded as an ordinary graph. The notion 
of quotient graph is somehow rare in literature (see, e.g., [19]), and we quickly 
review it below; notions of graph (homo)morphsims and automorphisms can be 
found, e.g., in [B]. 

By the graph dT of a tiling T, we mean the graph whose vertices (resp., edges) 
are the vertices (resp., edges) of the polygons in T, hoping that the symbol "9" 
will not mislead the reader. 

We stress that our construction of a graph associated to a group is different 
from the usual Cayley graph. 

Symbol n always denotes an integer > 2. 

1. Colored graphs and their morphisms 

We review the notion of a colored graph and some related mathematical gad- 
gets (see, e.g., [6j) stressing that some details, especially the definition of a clique 
may vary from other sources. 



BURNSIDE AS FACTOR OF VON DYCK 



5 



Definition 1.1. Let T = (Vr,E-p) be a graph, C a nonempty finite set, \ : 
Vr^Ca surjective map such that 



The pair (I\x) is a colored graph. Elements of C are called colors: x( v ) 1S the 
color of the vertex v £ Vp, and x is the coloring function. The rank of (r, x) is 
the number of colors, i.e., \C\. 

Roughly speaking, a colored graph is a graph where a color has been assigned 
to each vertex, in such a way that two vertices of the same color never form an 
edge. Plainly a given graph V can be colored in different ways: the minimum 
rank of all colored graphs of the form (T, x) is the chromatic number of T. In 
order to formalize these "different ways" to color a graph, it useful to introduce 
morphisms. We warn the reader that a pair (T, x) will be identified with Y in 
non ambiguous contexts. 

Let now {Ti,Xi) be a colored graph, i = 1,2, and F : F\ — > L 2 be a graph 
morphism. Roughly speaking, F is a morphism of colored graphs if it preserves 
the coloring. 

Definition 1.2. F is a morphism of colored graphs if a map / : C\ — > Ci exists, 
such that the diagram 



is commutative. If / is a bijection, the morphism F is called regular. A regular 
morphism of the form (idr, /) is called a color shuffling. 

Together with morphisms, colored graphs form the category of colored graphs, 
denoted by C-Gra. For any T e C-Gra, the monoid Mor (r, F) contains the 
distinguished subgroup Aut (T) made of regular morphisms of the form (F, idc), 
where F : Y — > F is a graph automorphism. 

In contexts where properties of colored graphs do not depend on the actual 
choice of colors, it is convenient to work with a category where the colorings are 
defined up to permutations. This is achieved as follows. First, take the sub-class 
of colored graphs of a fixed rank m: together with regular morphisms, it forms 
a (not full) sub-category of C-Gra. Then, in the so-obtained category, identify 
two morphisms if they differ by a color shuffling. The result is a new category, 
which we call the category of m-colors graphs and denote by C-Gra m : an its 
object may be thought of as a colored graph Y of rank m whose vertices are 
colored only up to permutations. 



(1.1) 



{vi, v 2 } e£ r ^ x(vi) ^ xM- 



(1.2) 



ri 
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A sub-graph Tq C T, can be understood as a sub-object in C-Gra m only if 
the canonical inclusion l : Tq — > T gives rise to a morphism: in particular, Tq 
must possess all colors of T. For example, if r is a complete sub-graph (i.e., all 
its vertices are connected by an edge), it cannot be considered as a sub-object 
unless it has exactly m vertices. 

Definition 1.3. A complete sub-graph To C T with m vertices is called a clique. 

Notice that some authors (e.g., [16]) use the term "clique" to denote a com- 
plete sub-graph: if such a viewpoint was adopted then one should speak of a 
"clique with m vertices" instead, causing a pointless overload of the notation. 

Hence, in the category C-Gra m , a clique Tq is a sub-object of T. It is worth 
observing that any morphism F : T — > T', being regular, is clique-preserving 
(i.e., i^(ro) is a clique in T') and as such it can be restricted to the sub-object 

Denote by £(r) the (possibly empty) set of all cliques of T. 

Remark 1. Let €(T) =t 0. For similar reasons as above, any F € Aut (F) is 
clique-preserving {F is a graph automorphism) and as such it induces a bijection 
€{F) on £(T). Correspondence £ : F n- €(F) is a group homomorphsim between 
Aut (T) and the group of permutations of £(T). 

Definition 1.4. Aut (r) is the symmetry group of T; its elements are called 
transformations of T. A group homomorphism i : D — > Aut (r) is called an 
action of D on T, which is clique-transitive (resp., clique-free) if C(r) ^ and 
the action Co i of D on £(r) is transitive (resp., free). 

If D acts on (r, x) then the quotient colored graph ( jj, x) is defined as follows: 

(1.3) {Dvi, Dv 2 ) e£r« 3di, da € D \ {d 1 v 1 ,d 2 v 2 ) € E T , 

and x{Dv) := xi v )- 

Lemma 1.1. The canonical projection tt : Vr — > Vr is a morphism in C-Gra. 
Moreover, if v~\ and v 2 are connected by an edge in -jj, then any v\ £ 7r _1 (tTi) is 
connected by an edge with an element ofit~ 1 (v 2 ). 



Proof. By (1.3 1 n is manifestly edge-preserving and color-preserving: as such, 



it defines a morphism in C-Gra (see Definition 1.2). Let now (v\,v 2 ) G £r . 
Then v[ g 7r _1 (ui) and ^2 G tt -1 ^) exist, such that (w^,U2) € £r- But -D acts 
on r by graph automorphisms, and transitively on 7r -1 (i7i): so, v\ = dv^, with 
d G D, and hence (ui, dv 2 ) — d(v[,v 2 ) G i?r- D 

Remark 2. Observe that 7r induces a map 7r* : C(r) which is, m 

general, not surjective. Let c G £ (^) be a clique of and = {v\, . . . , {^} 
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be the set of its vertices. Then, by Lemma it is possible to show that 
vj G 7r _1 (iij) exists, for j = 1, . . . , to, such that v\ forms an edge with v%, . . . , v m . 
So, V c := {vi . . . ,v m } does not, in general, determine a clique c € £(r) unless 
m = 2. In this paper we shall mainly be interested in the case m = 2, but future 
generalizations may require higher values of m: then, it will be needed to find 
extra conditions on the action of D guaranteeing surjectivity of 77*. 

Observe that a clique-transitive action does not need to be edge-transitive 
and it is never vertex-transitive, since vertices of different colors cannot be 
mapped one into another by an element of Aut(r). Hence, if D acts clique- 
transitively, the quotient graph £ reduces to a single clique, which, in general 



contain more than one edge (and, hence, more than two vertices!). Lemma 1.2 
below finalizes this section with a list of useful results. 

Lemma 1.2. Let D be a group acting clique-freely and clique-transitively on T, 
and K < D be a normal subgroup of D. Then, 

(1) D is D-equivariantly identified with the set £(r) of cliques ofT, 

(2) if a clique cq G C(T) is fixed then €(T) has a group structure isomorphic 
to D, whose unity is c$. 

Moreover, if 71% is surjective, then 

(3) the factor group % acts clique-freely and clique-transitively on the quo- 
tient graph 

(4) J? is % -equivariantly identified with the quotient set = 



Proof. By Definition 1.4 D acts freely and transitively on the set £(r): hence 



(1) and (2) are valid. Moreover, since % acts freely and transitively on ^p-, 

the group ^ is ^ -equivariantly identified with the set ^p-- In other words, in 
order to prove (4), it is enough to prove (3). 

To this end, let c G C(^) be a clique of j^, and write it as c = 7r*(c). Then 
the desired clique-free and clique-transitive action of on is defined by 

(1.4) — > Vr, 

v ' K K K 

{dK,ir{v)) 1 — > w(dv). 



First, we check correctness of (1.4 1: if (d'K, tt(v')) = (dK,n(v)) then d' = dk 
and v' = k\V, with k, k\ G K. So, n(d'v') — n(dkkiv) — 7r(fc 2 dw) = n(dv), where 
k 2 G K is such that (kki) d = k 2 - 



Observe now that (1.4 1 is edge-preserving. Indeed, by Lemma |1.1[ 



if (77(^1), 77(^2)) G -En, then it is possible to assume that (t>i,t>2) G £r- But 
K acts by graph automorphisms, so that d(vi,v 2 ) = {dvi^dv^) G Ey as well, 
and then {%{dv\), 7r(<if2)) G Er_. 
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Let us verify clique-transitivity. Given two cliques c, cl € write them 

as c = 7r*(c), cl = tt*(ci), for c, ci € <£(r). Then, by clique-transitivity of 
_D-action, C\ = dc, for some d, and hence g?-?l ■ c = Ci . 

Finally, if dK ■ c = c, then Vh = {7r(cfoi), . . . ,7r(cfc m )} = {7r(ui), . . .,ir(v m )}, 
i.e., n(dvj) = 7r(vj) for all j = 1, . . . , m, since Vj and di>j have the same color: 
hence d £ K. □ 

2. The colored graph of a group with a Borel-free set of 

generators 

A group D is said to be the direct (inner) product of its normal subgroups H 
and K, if D = (H,K) and Hf]K = 1. We turn our attention to those generator 
sets SCC which, in a sense, allow to express D as the "direct product" of the 
cyclic groups generated by the elements of S. 

Definition 2.1. S is a Borel-free set of generators if n (s) = 1, and (s) ^ 1 
for all s £ S. 



Observe that, in the case S = {x,y} and (x),(y) "QD, Definition 2.1 states 
precisely that D is the direct product of ( x ) and ( y ) . 

Example 1. The group of quaternions Q does not admit any Borel-free set of 
generators, since any nontrivial subgroup of Q contains the cyclic subgroup 
Z(Q) = {±1}. 

Example 2. Let D := (a, b \ a p2 = b p = 1, a b = a 1+p ) the extra-special group of 
exponent p 2 (see [2]]]) and S := {a, ab}, with p odd prime. Then S generates D 
(since b — a~ 1 ab) but it is not Borel-free because^] 1 7^ a p = (ab) p , and hence 
( a ) n ( ab ) 1. It follows that not all set of generators of rank 2 are necessarily 
Borel-free. 

A group D with a Borel-free set of generators S of rank m allows to define a 
colored graph T(D), of same rank to, in the following way: 

(1) the vertices of T(D) are the left-cosets of the subgroups (s), for all 
seS; 

(2) two vertices are connected by an edge if the corresponding cosets have 
nonempty intersection; 

(3) the set of colors is S; 

(4) the coloring function \ '■ ^t(d) — * S is the map unambiguously defined 
by 

X(d(s)):=a, deD. 



2 This equality can be easily obtained from the identity (ab) n = a n b n [6, a] ( 2 ) which in turn 
is due to the fact that [a, b] = a? is central. 
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Proposition 2.1. Let S be a Borel-free set of generators of D, and define T(D) 
and x a $ above. Then, 

(1) (T(D),x) * s a colored graph of rank m; 

(2) D acts clique-transitively and clique-freely on (T(D),x)l 

(3) any element d €E D acts on cliques by a sequence of rotations. 

Proof. As the disjoint union of the left D-sets -rjr, s € S, the set of vertices 
Vt(d) inherits a left /^-structure. Observe also that D acts transitively on 
each subset of vertices j—t, i.e., it is color-preserving, and that the sub-graph 
Co := {( s ) | s £ S} is a clique; indeed, any two its vertices are connected by 
an edge, and any vertex outside Cq is of the form d ■ ( s ) , for some s € S and 
d € D \ (s) and, as such, it cannot be connected by an edge to ( s ) , since they 
have the same color s. Finally, the action of D sends edges to edges, since two 
nontrivially intersecting left cosets are mapped into nontrivially intersecting left 
cosets, i.e., D < Aut (T{D)). 

Prove that any clique c is of the form d-c$. Take a vertex d- ( s ) € c and observe 
that d^ 1 ■ c is a clique containing (s) (Remark [lj. By Definition 1.3 it must 
coincide with cq. Hence, D acts clique-transitively. Finally, d € D stabilizes Cq 
if and only if it stabilizes all its vertices, i.e., it belongs to n (s) = 1. 

It remains to be observed that d = s acts on cq by a rotation around it vertex 
( s ). Let now d = ds, an suppose that d acts on Co by a sequence of rotations: 
then, d ■ cq = (dsd~ ) • (d ■ cq) is obtained from Co by the same sequence of 
rotations, followed by a rotation around the vertex d ■ (s), since d(s)dT is 
precisely the stabilizer of d ■ ( s ) . □ 



Observe that (1) is just a paraphrase of the fact that T{D) is the colored graph 
associated to a coset geometry (in the sense of Tits-Buekenhousen [531 E] where 
chambers play the role of cliques) of rank m, (2) follows from the triviality of 
the intersection of the ( s ) 's, and (3) is a consequence of the fact that D — (S). 

It is worth stressing that "rotation" refers to a transformation of T with a 
fixed point (vertex) v; hence, it does need to be of finite order: geometrically, 
this means that there may be infinitely many edges with one vertex equal to v. 

Correspondence (D,S) H> (T(D),x) has a manifest functor character. For 
example, let 7r : D — > B be an epimorphism and S (resp., S_) a Borel-free 
generator set of D (resp., B) such that tt(S) = S_ and n\s : S — > S_ is a bijection. 
Then the following result is a direct consequence of Lemma 1.2 (4) (see also 
Remark [2}. 

Observe that if m = 2 then D is the set of the oriented edges of a bipartite 
graph. 
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Corollary 2.1.1. If m — 2 then the colored graph T(B) coincides with the 
quotient graph k ^ r ' • and hence B is B -equivariantly identified with the quotient 

, €{T(D)) 

The next step is to show that for some groups D with two generators S — 
{x,y} the bipartite graph T(D) actually belongs to a richer geometrical ob- 
ject, namely a surface, thus giving a more concrete meaning to the notion of 
"rotation" . 

By Corollary |2. 1.1 1 if B is "covered" by a larger group D, whose colored graph 
T(D) takes a particular simple form like, e.g., the boundary of a regular tiling, 
then B can be identified with a quotient of the set of cliques of T(D). In the 
next sections the role of "covering group" D will be played by a von Dyck group 
while B is the two-generators free Burnside group. 

3. 2n-GONAL TILING OF CONSTANT— CURVATURE SURFACES AND THEIR 

2-COLORS GRAPHS 

From now on, symbol § will denote a constant-curvature surface, i.e., § = 
S^jIR 2 , or H, and T n an its tiling by regular triangles of angle - (see, e.g., 
Obviosuly 72 exist only on S 2 , Tjj only on M 2 , and all the 7^'s, with n > 3, exists 
only on H. We suppose also that there is a distinguished triangle A„ £ T n , called 
basic, and a distinguished vertex O € A„ called center (of the tiling). Due to 
homogeneity, such choices are by no means restrictive . 

The basic 2n-gon P n of a tiling T n is the union of all triangles obtained by 
rotating the basic triangle around the center of the tiling. 

Lemma 3.1. A unique ^-colors complete graph dT n € C-Gra3 exists whose 
vertices (resp., edges) are the vertices (resp., edges) ofl~ n . 

Proof. The existence of the graph is obvious. The coloring function \ '■ VdT n 
{•,»,•} can be arbitrarily defined on the vertices of the basic triangle. Suppose 
now that \ has been defined on a subgraph V C dT n and let A £ T n be a 
triangle with two vertices in V: then there is a unique way to define x 011 the 
third vertex. Since dT n is an object in C-Gra3, x can be defined up to chromatic 
permutations. □ 

Starting from the basic 2n-gon P n define a unique 2n-gonal tiling V n of §. 
We call P n the basic 2n-gon of V n and O its center. Observe that O is not a 
vertex of P n . Define the unique 2-colors (i.e., bipartite) subgraph &P n C dT n , 
by taking only the vertices and edges belonging to V n - Observe that only T2 is 
finite, consisting of 8 triangles; hence V2 consists of 2 squares, namely the upper 
and lower hemisphere of S 2 . 

Therefore, on a constant -curvature surface S there is a 2-colors graph dV n , 
whose edges are geodesic segments of a fixed length, which originated as the 
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boundary of a regular 2n-gonal tiling V n , whose tiles, in turn, were obtained by 
the (regular) triangle tiles of a regular triangular tiling T n - This last observation 
is a compulsory step to make von Dyck group act on the 2-colors graph &P n . In 
Section [4] below we show that such an action is clique-free and clique-transitive, 
allowing to use the results from Sections [T] and [2] 

Observe that in a 2-colors graph a clique is nothing but an edge: never- 
theless, clique-transitivity must not be mistaken for edge-transitivity since a 
clique-transitive action can never switch the colors of the ends of an edge. It 
is also worth mentioning that dV n is made of loops consisting of 2n vertices of 
alternating colors (they correspond exactly to the boundaries of the tiles of V n ): 
a transformation of dV„ cannot be realized as a rotation of an angle - , since it 
would switch vertex colors. 

4. Triangle and von Dyck groups 

In the previous sections we proposed an abstract construction to associate 
a 2-colors graph with a 2-generators group. We show now that in the case of 
special discrete subgroups of isometries of § such a graph can be realized by 



means of a polygonal tiling of S (Corollary 4.1.2 1. 

Definition 4.1. Let a, b, c positive integers. The von Dyck group (see |5S] and 
references therein) is 

(4.1) D(a, b, c) := ( x, y \ x a = y b = (xy) c = 1 ) . 



Groups (4.1 1 were introduced by Walther von Dyck at the end of eighteen 
century. 

Theorem 4.1 ([2]). Let ± + \ + \ > 1 (resp. = 1, < 1). Then D(a,b,c) is the 
group of orientation-preserving transformations of a tiling o/S = S 2 (resp., M 2 , 
M.) generated by the rotations around the vertices of a basic triangle. 

Corollary 4.1.1 ([2]). Let n > 3. Then D(n,n,n) is a Fuchsian group, i.e., a 
discrete subgroup of orientation-preserving isometries o/H. 

Recall that, if orientation-reversing transformations are taken into account, 
one obtains a larger group, the so-called triangle group (see, e.g., £Q and refer- 
ences therein) containing D(a,b,c) as a subgroup of index 2. Observe that the 
triangle group acts transitively on T n , unlike D(n,n,n), which cannot move a 
triangle into an adjacent one. 

Corollary 4.1.2. The von Dyck group D(n,n,n) acts clique-transitively and 
clique-freely on the 2-colors graph &P n . Moreover, dV n is canonically and 
D(n,n,n)-equivariantly identified with T(D(n,n,n), {x,y}). 



Proof. D(n,n,n) acts on the 3-colors graph dT n (see Lemma 3.1) and the sta- 



bilizer of the basic triangle is trivial, i.e., the action is clique-free. Even if the 
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C 

Figure 1. The same element d of the von Dyck group 
D(n,n,n) acts both on the oriented triangles of the reg- 
ular tiling d(T n ), and on cliques of a 2-colors graph 
T(D(n,n,n),{x,y}). 



action is not clique-transitive, two cliques of the same orientation are always 



moved one to another by an element of D(n,n,n) (Theorem 4.1). It remains 
to observe that a clique of dV n determines a unique oriented clique of dT n : it 
is enough to choose a fixed sequence of colors, say red-green-blue and, to any 
clique of dV ni i-e., an edge with red-green ends, associate the unique (out of 
the two adjacent triangles) clique of &T n whose blue vertex makes the result- 
ing sequence red-green-blue run counterclockwise. Figure [T] shows two triangles 
facing the same clique (A, B): only the colored one has positive orientation. 



By Proposition 2.1 any clique c of T(D(n, n, n), {x, y}) is uniquely written 
as c = (d(x),d(y)), with d G D(n,n,n). Let (A,B,C) the oriented clique of 
dT n determined by A — d(x) and B — d(y): hence, (A,B,C) can be uniquely 
written as d'(A , B ,Cq), where A — (x) and B a = (y) (see Figure [I]). It 
follows that df = d. But the oriented clique (A, B, C) is uniquely determined 
by the clique (A,B) of dV n : correspondence c = (d(x),d(y)) <H> (A,B) = 
(dAo,dBo) is manifestly one-to-one and D(n, n, n)-equivariant. 

□ 



By Lemma 1.2 D(n,n,n) can be identified with the set of cliques €(dV n ) 
and all its factors with a quotient of <£,(dP n ). In the next section we show that 
among the factors of D(n,n,n) there are the free Burnside groups with two 
generators. The generalization of this picture to the cases with more generators 
is a challenging task. It is worth stressing that only for n = 2 the set of cliques 
€(&P n ) is finite. 
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From now on the generator x (resp. the generator y, the product r := xy) 
will be identified with the ^ rotation of V n around the vertex H (resp., the 
vertex K, the center O), where (0,H,K) is a fixed orientation of the basic 



triangle (Theorem 4.1 1. We call cq — (H,K) the basic clique and we identify 



any element w £ D(n,n,n) with the clique wcq = (wH,wK). 



By Proposition 2.1 D(n, n, n) acts on dV n by a sequence of rotations. 



Remark 3. D(n, n, n) acts transitively on polygons of V n since these are "min- 
imal loops" , but the stabilizers are the cyclic subgroups of order n conjugate to 
(r>. 

Remark 4. When a loop T is oriented any its clique c <E £(r) inherits an 
orientation: we say that c is positively (resp., negatively) oriented if, running 
accordingly to the positive orientation of F, the a;-colored vertex comes after the 
y-colored one (resp., before). Observe that any loop must be composed of an 
even number of cliques: of these, half is positively oriented, and the other half 
is negatively oriented. 

Remark 5. Denote by [|] the integer part of | and by the parity of i. 
Then the map 

i £ {0, 1, . . . , 2n - 1} h— > d(i) := A^x [ii2Z ■ c € £(dP n ), 
is a bijection. 

Proposition 4.2 (Polygonal enlargement). Let Q C V n be a sub-tiling such that 
its boundary is a simple (i.e., not self-intersecting) loop T C &P n consisting of 
N cliques. Define Q as the larger sub-tiling obtained from Q by adding all the 
2n-gons which intersect it and call T its boundary. Assume both T and T to be 
oriented clockwise. Then 

(1) for any positively oriented clique wq £ £(r) there exist unique integers 
i±, . . . ,iff £ {1, . . . , n — 1} such that the sequence 

(4.2) w , w x ll ,w x ll y 12 , w x ll y' 2 ■ ■ ■ x^^y 1 " = w 

run clockwisely through all the cliques of T; 

(2) the number of 2n-gons contained in Q \ Q is 

N 

(4.3) N(n-l)-J2i k ; 

k—l 

(3) by replacing in ( |4.2[ ) each positively (resp., negatively) oriented clique 
w = wq ■ ■ ■ y lk ~ 1 (resp., v — wq ■ ■ ■ x lk ) according to the following rules 

(4.4) w O (wx n - 2 d(2), wx n ~ 2 d(2n - 1), . . . ,wx lk d{2), wx lk d{2n - 2)), 

" v ' 

not present for n—2—i^ 
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(4.5) 

v O (vy n - l d(l), . . . , vy n - 1 d(2n -2),... ,vy lk+1+1 d(l), . . . , vy lk+1+1 d(2n - 3)), 

" v ' 

not present for n— 1— ifc_j_i+l 

one obtains the (positively oriented) sequence of cliques ofT. 

Proof. The cliques of T are of alternating orientation (Remark [4]) and any of 
them can be obtained by another by a sequence of rotations (Proposition |2.1| 
(3)). In particular, the clique coming next to w (which is, as such, negatively 
oriented) is obtained by a rotation around the x-colored vertex of w: hence it 



is uniquely written as wx lk (see the proof of point (3) of Proposition 2.1 1. By 



iteration one obtains the sequence (4.2), proving (1). 

Figure [2] shows the n cliques pivoted at the a; -color vertex of the (positively 
oriented) clique w. Starting from w itself and running counterclockwise one 
meets the internal cliques wx, . . . , ira' t_1 (highlighted in red) and then the next 
(negatively oriented) clique v — wx lk of V. It is convenient (since they will form 
the loop r) to list clockwise the remaining n — ik — 1 cliques, i.e., those outside 
Q, namely 

wx 11 ' 1 ,wx n ~ 2 , . . . , wx lk+1 

(highlighted in blue). 

Now the 2n-gon of V n determined by the two consecutive cliques wx n ~ 2 
and mii™" 1 is precisely wx n ~ 2 P n ; continuing until the 2n-gon wx' lk P n , we ob- 
tain exactly n — if.— 1 2n-gons. The cliques wx n ~ 2 — wx n ~ 2 d(0) and wx n ~ 1 = 
wx n ~ 2 d{l) of wx n ~ 2 P n will be inside Q: hence, the remaining ones, i.e., 
wx n ~ 2 d(2), . . . , wx n ~ 2 d(2n— 1), are those which will contribute to T (highlighted 



in green). Repeating this for n — 3, . . . , ik + 1 explains the marked part of (4.4). 
The last 2n-gon, i.e., wx Zk P n has three cliques inside Q, namely wx lk d(2n — 1), 
wx lk d(0) = wx lk (belonging to Q) and wx %k d{l): hence, the ones belonging to 
F are uux lk d(2), . . . , wx lk d(2n — 2) (highlighted in purple) and this explains the 



remaining part of (4.4) 



Let us pass to a negatively oriented clique v (for simplicity, v — wx %k ). The 
(clockwise) list of the cliques outside Q obtained by rotating v around its y- 
vertex is 

vy n ~\vy n - 2 ,...,vy lk ^ +1 . 
Again we obtain n — i^ — 1 2n~gons. So, any vertex of T intersects exactly 



n — ik — 1 2n-gons lying outside Q: hence, (4.3) holds true and (2) is proved. 

Now observe that the 2n-gon determined the two consecutive cliques vy n ~ 2 
and iiy™ -1 is precisely vy n ~ 1 P n : indeed, the former is vy n ~ 1 d(2n — 1) and the 
latter is vy n ~ 1 d(0). Hence, the remaining cliques vy n ~ 1 d(l), . . . , vy n ~ 1 d(2n — 2) 
are those which will contribute to T. Repeating this for n — 2, . . . , ik+i + 2 one 



obtains the marked part of (4.5). The last 2n-gon, which is vy lk+1+1 P n , has 
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three cliques inside Q: vy lk+1+1 d(2n — 2), vy lk+1+1 d(2n — l) = vy lk+1 (belonging 
to Q) and vy' lk+1+1 d(0). The remaining ones, vy lk+1+1 d(l), . . . , vy lk+1+1 d(2n — 
3), explain the last part of (4.5) and are highlighted orange in Figure [2j 



Observe that in the Euclidean case (n = 3) any hexagon intersecting Q must 



be adjacent to it: hence, the marked parts of (4.4) and (4.5) must be suppressed 
(compare Figures [4] and |6| . □ 

The meaning of the number i). is that 27r^ represents the internal angle of 
r at its fc th vertex (according to sequence ( |4.2[ )): on this concern, it is worth 
observing that the algorithm of Proposition [4.2| does not requires Q to be convex, 
i.e., large values of ik are allowed (though not useful for our purposes). In the 
Euclidean case, ik — 2 is already a "large" value: hence no hexagon at all 
will be added there by the algorithm; there are only three hexagons around 
any vertex, and if one is "inside" Q (i.e., ik — 1) then the remaining two ones 
must be "outside" and both must have an edge in common with Q (whence the 



disappearance of the marked parts of (4.4) and (4.5), which would correspond 



to an hexagon having just one vertex in common with Q). 

Corollary 4.2.1 (Cliques enumeration algorithm). There exists a recursively 
defined bijection d : No — > D(n, n, n). 



Proof. For n = 2, the group D(n, n, n) is finite (Theorem 4.1 ) so there is nothing 
to prove. 

Let n > 3. Define d on N\ := {0, 1, ... , 2n — 1} as in Remark [i] Let P n 
the enlargement of P n constructed as in Proposition |4.2| and use the current 
definition of d to extend it to Ni U N%, where N2 Q No \ Ni is in one-to-one 
correspondence with the set of cliques £ (^dPr^j \ £(9P n ). In order to fill up 
the whole No we choose N2 in such a way that, together with Nt, it forms an 
interval. 

It remains to be noticed that the boundary of all successive enlargements of 
P n are always regular, i.e., Proposition |4.2| can be used to recursively define the 



bijection d between N = U^Nj and <£(dV n ) = U^ =1 (er(aP^ +1) ) \ £{dPi j) )), 
where = P,{ 3) and P 7 { 1] = P n . □ 

Let now n > 3, and consider the j th enlarged polygon defined in Corollary 

EM 

Corollary 4.2.2. The elements d(3) 3 and d(2n - 3) j belong to £ (dP^A \ 
€ (dPtf' 1 ^ for all j > 1 and [d(3) n , d(2n - 3) n ] ^ 1. 

Proof. The first statement is a direct consequence of Proposition |4.2| To begin 



with, observe that the part of (4.4) which not underbraced, i.e 
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Figure 2. Polygonal enlargement procedure. 

wx lk d(2), . . . , wx tk d(2n — 2), can be rewritten as 

(4.6) vd(2), vd(3), vd(2n - 3),vd(2n - 2), 

with v := wx lk . Now we can continue the proof by induction on j. Obviously 
d(3) 1 and d(2n — 2) 1 both belong to <£{dP n )- Let now j > 1 and assume that 

d(Zy and d(2n - 3) J ' belong to £ (dP^A \ £ (dPtf -1 ^ ■ In order to show that 

d{3y +1 and d(2n - 3) J+1 belong to c(dP^ +1) ^ \ <t (dP,{ j) y it is enough to 
observe that 

d(3y +1 = d(3) J d(3) - xya: V 2 . . . a:V d(3) 
ec(ap^ ) )-Nff(ap^" 1) ) 
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can be written as vd(3) where v := xyx 2 yx 2 . . . x 2 yx, and as such it belongs 
to <£,(dPn +1 '*j x <t(dPn^, in view of (4.6). The same reasoning is valid for 



d(2n-3) i+1 . 

The second statement is checked by explicitly computing the Mobius trans- 
formations associated with d(3y — [xyx)i and d(2n — 3y = ((xy) n ~ 2 xy . It is 
worth to notice that it would be impossible to solve the equation [d(3) n , d(2n — 
3) n ] = 1 in a purely algebraic way, because of the unknown exponent n. On the 
other hand, the geometric interpretation allows us to apply the formula for the 
n th (and — n th ) power of unimodular matrices based on Chebyshev polynomials 
of the second kind (see, e.g., [3]) to the elements uvu and v~ 1 u~ 1 v~ 1 = (uv) n ~ 2 u, 
where the matrices 

cos - — sin — \ , / cos - —B sin - 

sin^ cos^ ) andW ~ v (sin S )//3 cos s 

represent a counterclockwise rotation of angle 2n/n about the vertices x :— i 
and y =: 8i, respectively. The real number B comes from the theory of regular 
polygons on hyperbolic plane: it is defined by the property that [(3i,i] is one of 
the sides of a regular 2n-gon; as such, /3 depends on the choice of the interior 
angle ^ , and it can be found by solving the equation 8 + ^ = ] 2 _ c °q S 'V • Now the 

desired commutator can be computed in a matrix formP] and, to check that it is 
not identical, it is enough to consider, e.g., its (1,2) entry, say a(n), and notice 
that the function a is strictly positive and growing for n > 4. 

□ 

Figure [3] shows how the cliques enumeration algorithm works for n = 3. The 
white hexagon is P3 and its perimeter T :— dP% is described by the map d 
(Remark |3]). Notice that the six cliques of V (in red color) constitute a six- 



entries string of the form (4.2). Then the two colored hexagons are obtained 



by a polygonal enlargement (Proposition 4.2) and the pink (resp., grey) one 
corresponds to the clique w (resp., v). Their green colored cliques are precisely 
those obtained by replacing w (resp., v) by ( |4.4[ ) (resp., (4.2)). The blue cliques 

are those belonging to € (pPi) x £(dPa) but not to the enlarged perimeter T. 

The whole P3 is portrayed in Figure [4J the first hyperbolic case (n — 4) is 
displayed in Figure [6] 

5. Free Burnside groups 

We review here the definition and some finiteness results about free Burnside 
groups. 



^The result, obtained by computer algebra software, is too large to be displayed here. 
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vy 2 d(3) = xyx 2 y 2 
vy 2 d(2) L~.<1. Xyxl 



vy d(l) = xy-x 



\lx)- l x 

V 



wxd{'3) — {y\x) 1 x 

wxd(2) = x 2 y 




wxd^/xyV d(l)\wx = v d(5) = xyxyx = y 



Figure 3. Cliques enumeration algorithm for n = 3. 

Definition 5.1. The variety Bur„ of equation x" = 1 is called the variety of 
Burniside groups (of order n) |141 |S] . 

Regard Bur„ as a category. 

Lemma 5.1. For any set S of rank m there is a free object over S in Bur„. 

Proof. Let F m be the free group on S and FJ^ the (normal) subgroup generated 
by its n th powers. Then 

(5.1) B(m,n):=^ 

is the desired free object (over S, understood as a subset of B(m, n)). Indeed, if 
B £ Bur„ and / : S — > B is a map then there is a unique group homomorphism 
/ : B(m,n) — > B extending /. □ 

Definition 5.2. The free object of Bur„, with m generators, is called the free 
Burnside group of order n with m generators and denoted by B(m,n). 

Corollary 5.0.3. S is a Borel-free set of generators of B(m,n). 
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Proof. The abelian group A := ® S £s{s) is an object of Bur„: hence, the map 
/ : S — > A which acts on S as the identity can be extended to a group homo- 
morphism / : £>(m,n) — > A. 

Now, let s G S and observe that the subgroup (s) < B(m,n) cannot be 
identical. Indeed, if ( s ) = 1 then it is impossible to extend the map g s : S — > Z n 
with g s (s) := 1 and g s (s') := 0, s' € S \ {s}, to a group homomorphism, thus 
contradicting freedom of B(m, n) over S (notice that Z„ is a 1-generator object 
of Bur n ). 

It follows that f\( s ) is inject ive, i.e., ker/|^ s ^ = 1. Let s' =/= s and observe 
that f\/ s ) maps the subgroup ( s ) n ( s' ) < _B(m, n) in the subgroup ( s ) PI ( s' ) 
of A, which is, by the definition of A, identical. In other words, ( s ) n ( s' ) is a 
subgroup of the identical subgroup ker/|( s ) and as such it must be identical as 
well. □ 

5.1. Finiteness of B(2, 3): an algebraic proof. The departing point to check 
fmiteness of B(2,n) is the expression 

(5.2) w = x ai y bl x a2 y b2 ■■■x ai y bl 

of an its generic element w. In one form or another, all existing algorithms to 
attack the Burnside problem entail manipulating the right-hand side of ( |5.2[ ) in 
order to move all the occurrences of x (resp., y), say, on the first (resp., second) 
leftmost position. Performing this by brute-force inevitably brings about a 
surfeit of commutators: 

(5.3) w — x^-' ai y^-' bi ■ (binary) commutators • ternary commutators • • ■ ■ . 



Seemingly ( |5.3[ ) makes ( |5.2[ ) no better at all: nevertheless, it reveals the role of 
nil-potency of B(2, n). Indeed, if B(2, n) is nilpotent then its class sets an upper 
bound to the multiplicity of commutators appearing in ( |5.3[ ). For instance, the 
fact that B(m,2) is abelian (proved by Burnside in 1902 jSj), i.e., nilpotent of 



class 1, implies that no commutators whatsoever appear in (5.3). In 1933 Levi 



and Van der Waerden independently proved that B(m, 3) is nilpotent of class 3, 



hence expression (5.3) contains commutators of multiplicity not greater than 3. 

When m = 2 the nil-potency class of B := B(2, 3) is 2, i.e., B' is central in B 
(and therefore B is meta-abelian). This means that all the commutators arising 



from the above manipulation of (5.2 1 can be collected in its rightmost position. 
In order to better appreciate the geometrical finiteness result later on (Section 
[7]) we review here the classical proof. 

Let G be a group of exponent three; in particular, g^ 1 = g 2 for any g G G. 

Proposition 5.1 ([15]). Letg,heG. Then 

(5.4) [g,h 2 } = [h,g]. 
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Proof. Observe that 1 = (gh) 3 = ghghgh implies 

(5.5) ghg^h^g- 1 ^ 1 = h 2 g 2 h 2 , g,heG. 



Equation (5.6) below is an identity since its both sides coincide with the same 
element hrghrg 2 h 2 : 



(5.6) 



h\gh*g)gh 2 = h 2 g 2 (g 2 h 2 g 2 )h 2 



Hence, by applying (5.5) to the parenthesized expressions in (5.6) one obtains 

h 2 (hg 2 h)gh 2 = h 2 g 2 {hgh)h 2 , 



i.e., g hgh — h g hg, which is precisely [g, h ] = [h, <?], and (5.4) holds true. □ 

Corollary 5.1.1. Every subgroup of G generated by two elements has a central 
derived subgroup. 



Proof. Let H := (h,g) be a two-generators subgroup. Relation (5.4) from 
Proposition |5.1| immediately gives 



(5-7) [g,h 2 ] = [g,h] 2 , 

(5.8) [g 2 M = [g,h]\ 

(5.9) [g 2 ,h 2 ] = [g,h], 

showing that H' is generated by [g,h]. Then, combining ( |5.7[ ) with the general 
group-theoretic identity [g, h 2 } = [h,g] h one obtains [h,g] — [h,g] h , i.e., 



[h,g,h 2 



1. 



Similarly, from (5.8) one proves that 

[h, 9) g 2 ] = l. 

Hence, the subgroup generated by h 2 and g 2 , which is H again, commutes with 
H'. □ 

Lemma 5.2 ([HO])- Any element w € B can be uniquely written as 
(5.10) w = x a y b [x,y] c , a, b, c € {0, 1, 2}. 

In particular, \B\ = 27. 



Proof. B' is central by Corollary 5.1.1 In particular, the normal subgroup B' 
is abelian and the sequence 



Z 3 = B' = ([x,y]] 



B 



§ = (xB',yB') = Zt 



is exact, showing (5.10). 



□ 
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In modern classification of groups can be found precisely 5 groups of order 
p 3 and only two of them are non-abelian: they have exponent p or p 2 , with p 
odd prime number |20j . Hence, for p — 3, £?(2,3) is the non-abelian one with 
exponent 3, which is also the unique non-abelian metabelian group with two 
generators and exponent 3 possessing a ciclic derived subgroup, and, as such, 
presented as 

B(2,3) = {x,y | x 3 = y 3 = [x,y,x] = [x,y,y] = 1). 

5.2. Finiteness of B(2, 4): an algebraic proof. First results about finiteness 
of £>(2, 4) were given already by Burnside in his 1902 paper [5 in which he 
claims that B(2,4) is finite of order < 2 12 . Next, in 1940 Sanov [25] proved that 



B(m, 4) is finite using the following Lemma 5.3 



Lemma 5.3. \ J7f Let B be a group of exponent 4, D < B an its finite subgroup 
and c G B an element such that c 2 G D and (c,D) = B. Then B is finite. 

Proof. Put d :— \D\. Observe that since B = (c,D) every element b G B can 
be written in the form 

(5.11) b = P\cQicP 2 cQ 2 c . . . P s cQ s cP s+ icQ s+ i, 

where Pi,Qi G D for 1 < i < s + 1 and none of them is identical except 



possibly P\ or Q s +i- It is enough to show that in the expression (5.11 1 of b the 
number 2s + 1 of occurrences of the factor c is bounded by a fixed number. More 
precisely, we will show that s < d by applying to the above representation of b 
a transformation which reduces the occurrences of the factor c if s > d. 
Notice that c 3 = c _1 (since c € B) and that for any R £ D one has (i? _1 c~ 1 ) 4 = 
1, so that 

(5.12) cRc = R^c^R^c^RT 1 = BT^c ■ c 2 R^ 1 c ■ c 2 R7 1 = RT^cRcR, 



where R = c R € D. Now, let use (5.12| to transform the representation 



(5.11 ) as follows, 



• • • cPi +k -icQi + k-icPi + k(cQi +k c) ■ ■ ■ 
■ ■ ■ cP l+k -icQ l+k -i(cPi +k Q~* k c)UcU ■ ■ ■ 
■ ■ ■ cP^McQi+k-iQi+kPr+l^VcWcU ■ ■ ■ 
■ ■ ■ c(P l+k . 1 P l+k Q^ k Q^ k _ 1 )cXcYcWcU • • ■ , 

where {/,-•• ,Y G D. In this way we do not change the number of factors c, 
but just obtain a new representation of b in which two subsequent elements are 
separated by an element Si t k (or STfc 1 ) °^ D defined as 

Si,k — PiPi+i ■ ■ ■ Pi+kQi+ k ■ ■ - Q[ , 
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where I > 0, k > 0, 1 + k < s. On the other hand, notice that any Si t k € D could 
be extended to Si^, k = 0, . . . , s — 1. Therefore if s is greater than the order d 
of D then at least two elements, say S± k and S\j must be equal, i.e., 

P\ ■ ■ ■ Pk+l^t 

Assuming k < I we obtain 
(5.13) S k +2,i-k- 



•k+i ' 



■ Qi 1 — Pi ■ ■ ■ Pi+iQ 



i 

i+i 



k+2 



■ Pi+iQ, 



i 

i+i 



Qk+2 — 1- 



Now to finish the proof it is just enough to use (5.13) in the appropriate repre- 
sentation of b. 



■ Qk+icS, 



k+2,l-k-l 



cP u 



= ...Q 



fc+i 



Then, the finiteness of 5(2,4) is straightforward. The group 



subgroup ( x ) and the element y 2 fulfill t he h ypotheses of Lemma |5.3| hence, 
( y 2 ) is finite. Then apply again Lemma 5.3 to the group B(2, 4), its subgroup 



a 



its 



( x, y ) and the element y, and obtain the desired result. 

6. The kernel subgroup K n 

Let K n := ( D(n, n, n) n ) be the subgroup generated by n th powers of elements 
of D(n, n, n). 

Lemma 6.1 ([3 [54]). The short sequence 

(6.1) ^K n >D(n,n,n) *~ B(2,n) 

is exact. 



Proof. Just compare the presentation (4.1 ) of D(n, n, n) with the definition ( 5.1 1 
ofS(2,n) (see Lemma |5.1[ ). □ 

Results from Section [4] give a geometrical flavor to sequence (6.1). 

Lemma 6.2. Ki is trivial, K% is the infinite abelian subgroup generated by 
the cubes of the three translations xy 2 , y 2 x and xyx, while K n is an (infinite) 
not-abelian group for all n > 3. 

Proof. £>(2,2,2) is abeli an o f exponent 2 so K2 = 1. As a subgroup of rigid 
motions of M 2 (Theorem 4.1), any element d G D(3,3, 3) can be written as rt, 



where r is a rotation and t a translation. It follows that d 3 — r 3 t r t r t, i.e., d 3 is 
a composition of translations. Hence, K3 < M 2 is the lattice made of the centers 
of a regular hexagonal tiling of thrice the size as the basic hexagon of V3 and as 
such it is generated by the three vectors xy 2 , y 2 x and xyx (see Fig. |4|. 

When n > 3, Corollary 4.2.2 shows that d(3) n and d(2n — 3)™ are aperiodic 
non commuting elements of K n , which is then infinite and not abelian. □ 
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One of the main difficulties on describing K n for n > 3 is the lack of decom- 
position into rotations and translations (which make little sense in hyperbolic 
geometry). The clique enumeration algorithm will help to enumerate K n in the 
hyperbolic case as well. 

Corollary 6.0.2 (Kernel enumeration algorithm). There exists a recursively 
defined surjection k : Nq — > K n . 

Proof. For any j G N define 

Nj := [j N ai xN a2 x---x N ai 

aiH Vai=j, l<j 

where the Nj's are the same as the clique enumeration algorithm (Corollary 



4.2.1 1. Observe that Ni — N% while N2 is the union of N2 and Nf, and so on. 

Being finite each Nj can be understood as a subset of No- Furthermore, we 
assume that Ni , N2 , ■ • ■ , Nj , . . . is a sequence of subsequent interval covering the 
whole No- 

Set k = d on N±. Let now i G Nj and regard it as an /-tuple, i.e., i = 
(ix, . . .,ii), with ii G N ai ,. ..,i t G N ar Set 

k{i) :=d{h) n d{i 2 ) n ---d{i{) n . 

This allows to define k on the whole No- 

Take now an element k = d^d^ • • • df G K n . By the clique enumeration 



algorithm (Corollary 4.2.1) there exists a unique Z-tuple i\,...,ii such that 
d\ = d{ii),...,di = d(ii) and there exist uniques a±,...,ai such that i\ G 
N ai , • • • , ij G N ai . Hence, k G k(Nj), where j = ai + • • • + ai, i.e., the map k is 
surjective. 

□ 

Before analyzing the hyperbolic case it is convenient to show the finiteness of 
5(2, 3) in this geometric framework. 



6.1. Finiteness of 5(2,3): a geometric proof. Sequence 6.1 for n — 3 (see 
Lemma 6.1) gives immediately finiteness of 5(2,3). Figure |4| shows the out- 



put of the cliques enumeration algorithm (Corollary 4.2.1) stopped at the first 
enlargement of the basic hexagon. 

According to Proposition |4. 2| there are exactly 30 cliques of which 6 are pair- 
wise identified (in Figure [4] the colored edges are just two copies of the same 
clique) giving the correct order of 5(2, 3). These 27 cliques can be easily put in 
correspondence with the elements of 5(2,3) described in Lemma pT2") 

Table [l] displays a list of identities which follow from the properties ( |5.7[ ) , 
(5.8) and ( |5.9[ ). Hence, the elements labeling the cliques in Figure [4] can be 



replaced by triplets of numbers ranging in {0, 1, 2} corresponding to the powers 
a,b,c in (5.10). The result is displayed in Figure [5j 
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Table 1. List of the 18 nontrivial correspondences between the 
cliques of T(B(2, 3), {%, y}) obtained by the cliques enumer- 



ation algorithm (Corollary 4.2.1) and the elements of B{2, 3) 



expressed as in Lemma |5.2| The remaining 9 trivial correspon- 
dences are precisely those with c = 0. 



<t(T(B(2,3),{x,y})) 


B(2 3) 




b c) 


xyx 


x s/l ? y\ 


(2, 


1 2) 




y i , y\ 


(1 


1 2) 


9 

yx 


x 2 v\x, y] 


(2, 


1,1) 


9 ? 

y x yx 


[x,y? 


(0, 


0,2) 


9 9 9 

y x yx 


x[x,y} 2 


(1, 


0,2) 


9 9 

y x y 


x 2 [x,y] 2 


(2, 


0,2) 


xyx 2 


y[x, y] 


(0, 


1,1) 


y 2 x 


xy 2 [x,y] 


(1, 


2,1) 


2 9 

y x 


x 2 y 2 [x,y} 2 


(2, 


2,2) 


2 2 

xy x 


y 2 [x,y] 


(0, 


2,1) 


(y 2 x) 2 x 


y[x,y? 


(0, 


1,2) 


xyx 2 y 


y 2 [x,y} 2 ^ 


(0, 


2,2) 


(y 2 x 2 y 2 ) 2 

2 2 

xyx z y* 


xy 2 [x,y} 2 


(1, 


2,2) 


[x,y] 


(0, 


0,1) 


{yx 2 ) 2 xy 
xy 2 x 


x 2 [x,y] 


(2, 


0,1) 


x 2 y 2 [x,y) 


(2, 


2,1) 


2 2 

y xy 


xy[x,y] 


(1, 


1,1) 


y 2 xy 


x[x, y] 


(1, 


0,1) 



Observe that the 7 hexagons in Figure[4]correspond precisely to a fundamental 
domain of K 3 which, by Lemma |6.2| is generated by the cubes of the three 
translations yx 2 , y 2 x and xyx. Such a fundamental domain is the intersection 
of the three stripes determined by the three pairs of parallel lines (portrayed 
in the same colors in Figure Within each pair of parallel lines one line is 
determined from the other by the cube of a translation above. 

In the hyperbolic plane almost all sides of P n and its enlargements are mu- 
tually parallel, so that compactness of fundamental domains is not taken for 
granted. 

7. Representing the graph of B(2, n) on a quotient of a 

CONSTANT-CURVATURE SURFACES 

As a discrete subgroup of the isometry group of S the group K n gives rise 
to the quotient surface as a group of symmetries of V n , K n gives rise to a 
quotient tiling as a group of transformations of the 2-colors graph dV n it 
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/ 2 2 2\2 

(y x y ) 




FIGURE 4. Geometric evidence of finiteness of B(2, 3). 



dV„ 



gives rise to a quotient graph 
we obtain the next result. 



Combining these remarks with Lemma 



1.2 



Proposition 7.1. The quotient group jZfe^j j s equivariantly identified with 
the set of cliques of the 2-colors graph d fjf 5 ") determined by the quotient 2n- 
gonal tiling ^ of the quotient surface . 



The kernel enumeration algorithm (Corollary 6.0.2) provides an effective way 
to implement stardard techniques to compute fundamental domain (see, e.g., 
EH); 

Fix a point p in H, e.g., the imaginary unit. For any i € No we denote by H 
the half-plane of H which contains i and is delimited by the geodesic passing 
through the middle point of the geodesic segment joining p ad fc(i)(p), where 
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Figure 5. The colored graph of 5(2,3) labeled by classical elements. 

k is the recursive map describing K n constructed in Corollary |6.0.2| Then the 
polygon 

i 

Q 4 := p| IT 

a=l 

contains a fundamental domain of K n in EL 

Corollary 7.1.1. There exists an algorithm which, if stops, returns a closed 
polygon Q containing a fundamental domain of K n . 

Proof. Just observe that closedness of each Q, ; can be checked algorithmically. 

□ 

Authors are currently working on a computer-algebra implementation of the 
algorithm suggested in Corollary |7.1.1| in the case n — 4. It must be stressed 
that its convenience with respect to the existing coset enumeration algorithms 
is still to be established, especially for larger n. 

Nevertheless, this approach based on colored graphs enlightens the "true rea- 
son" why a Burnside group with two generators might be infinite: it is because 
of the peculiarity of hyperbolic geometry, namely the existence of non-compact 
polygons of arbitrarily many sides. 
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FIGURE 6. The colored graph of von Dyck group 13(4,4,4). 



7. 1 . Higher— order von Dyck groups? Generalizing the result of Proposition 
|7.1| is by no means straightforward: it would require defining a higher-order 
analog of the exact sequence (6.1) involving the m-generators free Burnside 
group B(m,n) (see (5.1)) and, eventually, a group playing the role of the von 
Dyck group ( |4.1| in the context of tilings of higher-dimensional surfaces. As an 
additional difficulty, the key result of Lemma 1.2 requires the surjectivity of 7r* 
which, for m > 2, cannot be taken for granted (see Remark [2]). So, a lot of work 
must be done in this direction. 

The suspicion that the graph of B(m, n) may be living on a three dimensional 
surface is confirmed by the following toy model concerning the (finite, abelian) 
free Burnisde group 5(3,2) = Z|. Since by Corollary 5.0.3 B(3,2) admits the 
Borel-free set of generators {x, y, z}, the 3-colors graph can be easily constructed 
and the result is displayed in Figure [7] where H := (x), K := (y) and L := (z) 
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xyL r xzK 




xzK 



Figure 7. The graph of B{3, 2). 

and edges of the same color are identified. Interestingly enough, after identi- 
fications are carried ou one gets a cub-octahedron (Fig. |8| though the original 
groups act on it by reflections (instead of rotations as in the cases with m = 2). 
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